Introduction
In this chapter, we generalize entanglement theory from two-partite to multi-partite systems. The term multi-partite may refer here to quantum systems composed of a macroscopic number of subsystems, such as the parts of an interacting many-body system as studied in condensed matter physics, or it may mean merely "three". In this more general setting, it is still true that entanglement refers to nonlocal properties of quantum states that cannot be explained classically.
It is immediately plausible that the phenomenology is much richer in the multi-partite regime. Take the word "locality" for example. There are super-exponentially many ways to partition the constituents of an N -partite quantum system into non-overlapping groups, with each such partitioning giving rise to a legitimate locality constraint. As a result of this complexity, the theory of multi-partite entanglement is much less canonical than the bipartite version. By this, we mean that in the two-party case, questions like "What is a natural unit of entanglement?" or "When is a state maximally entangled" tend to have unambiguous natural answers. This is always never true for more than two subsystems, as we will see time and again in this chapter.
When the first version of this chapter was written a decade ago, it was common to say that a complete understanding of multi-partite entanglement had not yet been reached. Ten years later, many more multipartite phenomena have been studied in detail, but we are arguably still far from a coherent picture. We may thus need to come to terms with the fact that a canonical theory of multi-partite entanglement may not exist. For example, as we will recall below, there is a basically unique way of quantifying bipartite pure state entanglement, whereas the "right" multi-partite measure strongly depends on the intended use of the entangled states. The structure of this chapter reflects this multi-faceted aspect of multi-partite entanglement:
In Section 2, we begin by describing the "coordinate system" of the field: Are we dealing with pure or mixed states; with single or multiple copies; what notion of "locality" is being used; do we aim to classify states according to their "type of entanglement" or to quantify it; etc. In Section 3, we describe important classes of multi-partite quantum states that admit an efficient classical description -including matrix-product states, stabilizer states and bosonic and fermionic Gaussian states -and we sketch their roles in quantum information theory. Lastly, in Section 4 we survey a variety of very different and largely independent aspects of multi-partite entanglement. The purpose of these examples is to give a feeling for the breadth of the field. Necessarily, we treat only a highly incomplete set of phenomena and the selection is necessarily subjective. For a more exhaustive overview of the various aspects touched upon in this book chapter, we refer the readers to the excellent related review articles that have appeared since the first edition of this book [86, 6, 75] .
One of the developments in the theory of multi-partite entanglement that has taken place since the first version of this chapter has been the significant deepening of connections between quantum information and condensed matter theory. For example, it has become clear that notions of entanglement provide a fresh perspective to capture quantum many-body systems and phases of matter [49, 6, 120, 178] . We can mention these developments only briefly here -but we expect that this connection will be a driving force behind the further development of multi-partite entanglement theory for the foreseeable future.
General theory 2.1 Classifying pure state entanglement
We will start by considering multi-particle entanglement of pure quantum states. This is the study of state vectors in a Hilbert space H = H 1 ⊗ H 2 ⊗ · · · ⊗ H N of a quantum mechanical system of N distinguishable constituents. We assume that each particle is associated with a finite-dimensional Hilbert space H i C d i , for some d i < ∞. The study of entanglement in systems of indistinguishable particles has also gained increased attention (see, e.g., Refs. [6, 86, 90, 44, 154, 146, 40, 7, 59] and references therein) but will not be covered in this introductory chapter.
The starting point of entanglement theory is to define the set of unentangled states. In the present setting, this corresponds to product states, i.e. to vectors of the type |ψ = |ψ (1) ⊗ · · · ⊗ |ψ (N ) .
A state vector is entangled if it is not of this form. Entangled vectors are themselves grouped into different classes of "equivalent" entanglement. There are various meaningful equivalence relations that give rise to different classifications. We will introduce two of them -local unitary equivalence and equivalence under local operations and classical communication -in the following.
Local unitary equivalence
The finest distinction is the one based on local unitary (LU) equivalence. Here, two state vectors |ψ , |φ are considered equivalently entangled if they differ only by a local unitary basis change:
To get a feeling for this classification, it is instructive to compare it to the bipartite case N = 2. For convenience, we assume that d 1 = d 2 = d in what follows. Then the Schmidt decomposition says that for every vector |ψ ∈ H, there are d non-negative numbers {p i } summing to one (the Schmidt coefficients or entanglement spectrum), as well as ortho-normal bases
Clearly, local unitary operations just change the bases, while keeping the p i 's invariant
Because any ortho-normal basis can be mapped onto any other such basis by a unitary operation, one concludes that two bipartite state vectors are LU-equivalent if and only if their Schmidt coefficients coincide. This is a very satisfactory result for several reasons. First, it gives a concise answer to the entanglement classification problem. Second, the Schmidt coefficients have a simple physical meaning: They are exactly the set of eigenvalues of each of the reduced density matrices ρ (1) = tr 2 |ψ ψ|, ρ (2) = tr 1 |ψ ψ|.
As such, they can be estimated physically, e.g. using quantum state tomography or direct spectrum estimation methods [5, 91, 79, 27] . Third, there is a simple and instructive proof of the validity of the Schmidt form involving just linear algebra. We will not state it here in detail, but the idea is to expand |ψ with respect to a product basis as |ψ = d i,j=1 T i,j |i ⊗ |j . Then the Schmidt coefficients are just the squared singular values of the coefficient matrix T i,j . Unfortunately (and ominously), none of the three desirable properties we have identified in the bipartite case generalize to N > 2 subsystems.
To show that there cannot be a concise label in the same sense as above for LU-equivalence classes -even for the supposedly simplest case of N qubits (d i = 2) -it suffices to count parameters: Disregarding a global phase, it takes 2 N +1 − 2 real parameters to specify a normalized quantum state in H = (C 2 ) ⊗N . The group of local unitary transformations SU(2) × · · · × SU(2) on the other hand has 3N real parameters. Because the set of state vectors that are LU equivalent to a given |ψ is the same as the image of |ψ under all local unitaries, the dimension of an equivalence class cannot exceed 3N (it can be less if |ψ is stabilized by a continuous subset of the local unitaries). Therefore, one needs at least 2 N +1 − 3N − 2 real numbers to parameterize the sets of inequivalent pure quantum states of N qubits [105, 24] . Second, it seems less clear what the immediate physical interpretation is for most of these exponentially many parameters. Third, questions about bipartite entanglement can often be translated to matrix problems, as sketched above. This makes the extremely rich toolbox of linear algebra applicable to bipartite entanglement theory. In contrast, many-body pure states are mathematically described by tensors, with one index for each subsystem. While tensors have also been studied extensively in pure mathematics [98] , the theory is much more challenging and less developed than linear algebra. The aptly titled publication [103] should serve as a well-informed warning.
Still, in particular for low-dimensional cases, many results have been obtained [105, 24, 68, 135, 1, 19, 100, 110, 97] . A systematic strategy is to look for invariants and normal forms under the group of local transformations. From a mathematical point, these concepts are studied in the field of algebraic geometry. An invariant is a function of the state vectors that does not change as we apply local unitary basis changes. A simple example of invariants is given by the set of eigenvalues of the N single-party reduced density matrices ρ (i) = tr \i |ψ ψ| (this generalizes the bipartite Schmidt coefficients). The number of independent invariants will be at least as large as the number of parameters identified above, i.e. exponential in the number of particles. The idea behind normal forms is to look at the group of local basis changes as a "gauge group" that can be used to bring the state vectors into a distinguished form. There must be only one such distinguished vector in every equivalence class -so that two states are equivalent if and only if their respective normal forms coincide. The two approaches are related: The parameters that appear in the normal form are, by definition, invariants.
To give a taste of these statements and the employed proof methods, we briefly present the derivation of a normal form for the simplest case -three qubits [1] . We start with a general state vector
Define two matrices T 0 , T 1 by (T i ) j,k = α i,j,k . If we apply a unitary operator U 1 with matrix elements u i,j to the first qubit, then the matrix T 0 transforms according to
From this transformation law, one can easily see that one may always choose U 1 such that det(T 0 ) = 0 (essentially because this conditions amounts to a quadratic equation in u 0,1 /u 0,0 , which always has a solution over the complex numbers). Next, if we apply unitaries U 2 , U 3 to the second and third system respectively, the matrix T 0 transforms according to
We can use this freedom to diagonalize T 0 -this is the singular value decomposition. Since the determinant is still zero, there can be at most one non-zero singular value λ 0 , so we arrive at the form
By the definition of T 0 , this means that the coefficients of the transformed state fulfill α 0,i,j = λ 0 δ i,0 δ j,0 , while the four coefficients α 1,i,j are arbitrary. This form remains unchanged if we act on the state by diagonal unitaries V 1 , V 2 , V 3 . Choosing the V i 's suitably allows us to make three of the four coefficients α 1,i,j real. We are left with
with real coefficients λ i . Normalization requires that i λ 2 i = 1. It is shown in Ref. [1] that 0 ≤ φ ≤ π can always be achieved and, further, that for a generic 1 state vector the normal form in Eq. (5) is unique. In accordance with the dimension formula that we derived earlier, it depends on five independent parameters.
The technique presented here has been extended to provide a normal form for pure states of N qubit-systems for arbitrary N [97] . As in the N = 3 example presented above, two generic vectors are LU-equivalent if and only if their normal forms coincide. In accordance with our estimates above, the normal form of Ref. [97] depends on exponentially many parameters. While -as expected -the normal form does not identify a concise set of parameters labeling LU-equivalence classes, the mathematical framework can be very useful for the analysis of multi-partite entanglement. For example, the follow-up paper Ref. [96] builds on these normal forms to construct pairs of multi-partite entangled states with the property that all entropies of subsystems coincide, however, the states are not LU equivalent.
Equivalence under local operations and classical communication
From an operational perspective, LU equivalence is justified because we cannot create entangled states from separable states by local unitary basis changes alone. This suggests that we can obtain coarser notions of "equivalent entanglement" by considering larger classes of operations that have this property.
The most natural such class consists of local operations and classical communication (LOCC). LOCC protocols are best described in the "distant laboratories model" [26] . Here, we imagine that each of the N particles is held in its own laboratory. The particles may have interacted in the past, so their joint state vector |ψ ∈ H may be entangled. We assume that each laboratory is equipped to perform arbitrary experiments on the particle it controls and that the experimenters can coordinate their actions by exchanging classical information. However, no quantum systems can be exchanged between laboratories. It is not hard to verify that no entangled state can be created from a product state by LOCC alone.
An LOCC protocol proceeds in several rounds. In each round, one of the experimenters performs a (POVM) measurement on their particle. They keep the post-measurement state and broadcast the classical outcome to the other laboratories. In the next round, another party gets to act on their system with an operation that may depend on the previous measurement outcomes, and so on. We say that two states are LOCC-equivalent if they can be converted into each other by a protocol of this form. There are several useful variants of this definition. For example, two states are LOCC r -equivalent if they can be converted into each other using an LOCC protocol with no more than r rounds. They are LOCCequivalent if, starting from any of them, we can approximate the other one to arbitrary precision, as the number of rounds r tends to infinity. It also makes sense to define versions of these equivalence relations where the transformations need only succeed with some fixed probability of success.
While natural and physically well-defined, no tractable mathematical description of LOCC-equivalence in the multi-partite case has been identified so far. For example, there is no known algorithm that decides whether two vectors are LOCC equivalent, even if one allows for, say, exponential runtime in the total dimension. It seems conceivable that no such algorithm exists. (In contrast, Nielsen's theorem [118] provides a simple criterion for the equivalence of bipartite pure states under LOCC.) For an introduction into the structure of the LOCC-problem, see Ref. [26] . What can still be described, despite the 1 In this context generic means for all state vectors but a set of measure zero. difficulties of identifying LOCC-equivalent pure states in the multi-partite setting, is a set of states that are in a sense "maximally useful" under LOCC manipulation. This set, called the maximally entangled set [35, 149] , has the property that any state outside can be obtained via LOCC from one of the states in the set, and that no state included in the set can be obtained from any other state in the set via LOCC, in some analogy to the properties of a maximally entangled state in the bipartite setting.
There is a variant of LOCC with a less satisfactory physical interpretation, but a rather more tractable mathematical description. It is the notion of stochastic LOCC (SLOCC) equivalence. Here we deem two states equivalent if they can be converted into each other by LOCC with some non-zero probability (which, however, may be tiny!). As before, an SLOCC protocol consists of several rounds in each of which the parties perform operations on their respective systems, possibly depending on previous measurement results. One can think of the protocol as splitting into different branches with each measurement. A transformation |ψ → |φ is possible if and only if at least one of these branches does the job. But the effect of each single branch can be described by one Kraus operator A i for each system as
Thus |ψ → |φ is possible under SLOCC if there exists operators A i and a scalar λ ∈ C such that
It is not difficult to prove that two states |ψ , |φ are SLOCC-equivalent if and only if Eq. (6) can be realized with matrices that have unit determinant det A i = 1 [43, 156] . Matrices with that property form a group -the special linear group SL. Thus, mathematically, two vectors are SLOCC-equivalent if and only if, up to normalization, they lie on a single orbit of the group SL(
We note that the term filtering operation is used synonymously with SLOCC. Having thus established a framework for dealing with SLOCC operations, we can proceed as in the case of local unitary equivalence. By simply substituting the local unitary group by the group SL(C 2 ) × · · · × SL(C 2 ), one finds a lower bound of 2 N +1 − 6N − 2 parameters that are necessary to label SLOCC equivalence classes of an N -qubit system. Again, there has been considerable work on invariants and normal forms for small systems (see, e.g., Refs. [43, 156, 19, 122, 109, 123, 95] ).
For three qubits, the above formula gives no nontrivial lower bound on the number of parameters and therefore one might expect that there is only a discrete set of inequivalent classes. This turns out to be true [43] :
First, we note that product states |ψ (1) ⊗ |ψ (2) ⊗ |ψ (3) certainly form a class of their own, because local operations can never create entanglement between previously unentangled systems. For the same reason vectors of the form |ψ (1) ⊗ |Φ (2, 3) with some non-factoring state vector |Φ (2, 3) constitute an SLOCC equivalence class, the class of bipartite entangled states that factor with respect to the bipartition 1|23. There are two other such bipartitions -2|13, and 3|12 -and they give rise to in total three bipartite classes. Calling these sets equivalence classes is justified, because any two entangled pure states of two qubits are equivalent under SLOCC. Finally, we are left with the set of genuinely entangled vectors that admit no representation as tensor products. Do they form a single equivalence class? It turns out that this is not the case. This can be shown by identifying an SLOCC-invariant that takes different values on two suitable genuinely entangled states. We will briefly describe two invariants -the hyperdeterminant and the tensor rank -that each do the job.
Before we define the hyperdeterminant, we first consider the bipartite case. Let
be the expansion of two state vectors with respect to a product basis. As noted before, the coefficients T i,j define a matrix T -and likewise for the primed version. Now assume |ψ and |φ are SLOCCequivalent, i.e. there exist unit-determinant Kraus operators A 1 , A 2 and a non-zero scalar λ such that A 1 ⊗ A 2 |ψ = λ|φ . As in Eq. (4), one then finds that
and thus
There are two conclusions one can draw from this calculation. First, the determinant of the coefficient matrix is invariant under unit-determinant local filtering operations. Second, because det λT = λ d det T , it holds that either both det T and det T are equal to zero, or neither is. Thus, the property "Is the determinant of coefficient matrix zero?" is an SLOCC-invariant. In particular, a pure state |ψ of two qubits is entangled if and only if det T = 0, and otherwise a product state. Caley's hyperdeterminant is a generalization of the determinant to tensors in C 2 ⊗ C 2 ⊗ C 2 . There are various ways of expressing it, none of which are particularly transparent. One definition goes as follows: If |ψ has expansion coefficients α i,j,k as in Eq. (3), then
where i,j is the completely antisymmetric (or Levi-Civita) tensor [155] . In any case, it is known that the hyperdeterminant is invariant under the local special linear group. Arguing as above, this means that zero/non-zero values of the hyperdeterminant can be used to distinguish SLOCC-equivalent classes [114] . One may now verify by direct calculation that Det(W) = 0 = Det(GHZ). In this sense, there are two "inequivalent forms" of genuinely tripartite entanglement of three qubits [43] . So far, we have only extracted binary labels (zero / non-zero) for SLOCC-classes from the determinant and the hyperdeterminant. There is a quite general way to obtain numerical invariants. Indeed, both are homogeneous functions, which means that f (λψ) = λ d f (ψ) for any scalar λ and some fixed integer d, known as the degree of the function. For example, it is plain from Eq. (8) that Det is a homogeneous function of degree 4 in the expansion coefficients α i,j,k . More generally, if f, f are two SL-invariants
, is insensitive to a rescaling ψ → λψ of the state. The ratio is thus an invariant quantity on SLOCC classes. Such numbers can be used to distinguish inequivalent types of multi-partite entanglement [67] -but the numerical value itself does not carry an obvious interpretation. In Section 2.5, we will see that homogeneous SL-invariants can also be used to construct quantitative measures of entanglement. We now discuss another useful invariant that separates the two states, known as the tensor rank. Any pure state vector can be written in the form
Unlike in the Schmidt decomposition (2), we do not (and in fact cannot in general) require the vectors {|ψ
to be orthogonal for each subsystem. Now let R min (ψ) denote the minimal number of product terms needed to express |ψ . This number is the tensor rank of |ψ . It naturally generalizes the matrix rank (relevant for N = 2). We will re-visit this invariant in Section 2.5, where its logarithm will be called the Schmidt measure. A moment's thought shows that the tensor rank is constant under invertible SLOCC operations. Now consider the states vectors [69, 43] 
As we will now show, there is no way of expressing |W using only two product terms. The idea is to compare the range of the reduced density matrices ρ (2, 3) . For the GHZ state,
and so the range contains at least two product vectors. The same is true for all genuinely entangled states that can be written as a superposition of two product terms. This follows from the easily established fact that all such states are SLOCC equivalent to the GHZ state. However, the reduced density matrix of the W state is given by
with
Its range consists of all vectors of the form α|0, 0 +β(|0, 1 +|1, 0 ). As discussed above, such a vector is a product state if and only if the determinant det T of its coefficient matrix
is zero. But det T = −β 2 , and hence there is only a single product state in the range of the reduced density matrix, namely |0, 0 for β = 0. This shows that |W cannot be written using two product terms. Since on the other hand we have the decompositions (10), we conclude that R min (W) = 3, while R min (GHZ) = 2. It follows that the two states cannot be converted into each other by SLOCC. This provides an alternative proof of their inequivalence.
While GHZ and W states cannot be exactly transformed into each other with any probability of success, it is true that the W state can be approximated to arbitrary precision by states in the GHZ class. The converse does not hold -in this sense, GHZ states are more entangled than the W states (even though the higher tensor rank of the W state might have suggested the contrary). That W states can be approximated by GHZ-class states can be seen as follows [162] :
The state |ψ consists of two product terms, and it can easily be obtained from |GHZ by an invertible SLOCC operation. The fact that we can approximate the W state by states of smaller tensor rank is quite remarkable. In contrast, matrix ranks can never increase when we take limits, suggesting that the geometry of tensors is rather more subtle [98] . The above classification is complete: The three-qubit pure states are partitioned into a total of six SLOCC equivalence classes. Three-qubit W-states and GHZ-states have been experimentally realized, both purely optically using postselection [45, 14] and in ion traps [138] .
It is instructive to discuss some of the properties of the GHZ and W states. After measuring the first qubit in the computational basis, |GHZ collapses into a product state vector on the systems labeled 2 and 3. In contrast, if we instead measure in the eigenbasis (|0 ± |1 )/ √ 2 of the Pauli X-observable, the GHZ state collapses into one of two maximally entangled Bell states on the remaining systems. This leads to remarkable nonclassical correlations which we discuss further in Section 4.3 below. If we discard the measurement outcome, or if we simply trace out the first qubit of the GHZ state, the remaining systems will be described by the unentangled bipartite mixed state (11) . In contrast, for |W the bipartite density matrix (12) is entangled. In this sense the entanglement of |W is more robust under particle loss than the one of |GHZ .
Can a "maximally robust" three-qubit state be conceived that leaves any pair of systems in a Bell state if the third particle is lost? Unfortunately not, because if e.g. tr 1 |ψ ψ| is maximally entangled then |ψ necessarily factors between systems 1 and 2, 3. It follows that tr 2 |ψ ψ| and tr 3 |ψ ψ| are not just unentangled but in fact completely uncorrelated [31] . This important observation is known as the monogamous nature of entanglement.
The clear-cut characterization of three-qubit entanglement breaks down immediately if we consider more than three particles or higher dimensions. Already for four qubits, there are infinitely many SLOCC equivalence classes [156] . This inevitable explosion in complexity, as predicted by parameter counting, suggests a change in perspective. Rather than aiming for an exhaustive classification, we may instead classify states according to their utility for particular tasks, or else base a classification on physically accessible data. An example for the former point of view are the classes of tensor network states for given bond dimensions, as described in Section 3.1. These states have an efficient description that is well-suited to simulate e.g. ground states of quantum many-body systems. An example for the latter point of view are classifications of multi-partite pure states according to the information accessible from their single-body or few-body reduced density matrices [152, 175, 99, 165, 140, 141, 142, 164] , which are easily accessible in experiments.
Asymptotic manipulation of pure multi-partite quantum states
Instead of manipulating quantum systems at the level of single specimens, entanglement manipulation is also meaningful in the asymptotic limit. Here, one assumes that one has many identically prepared systems at hand, in a state |ψ ⊗n , and aims at transforming them into many other identical states |φ ⊗m , for large n and m. As before, the state vectors |ψ , |φ are elements of an N -partite quantum system, so that the total Hilbert space containing |ψ ⊗n is
Thus, in the tensor product above, every row corresponds to one copy of |ψ and every column to one of the N parties. As in Section 2.3, we adopt the "distant laboratory model" and imagine that each column is held in one lab. Our analysis will be based on LOCC transformations. As before, local operations are confined to one lab. The difference is that each lab is now associated with a tensor product Hilbert space H
(1)
describing the copies and that collective operations on the copies are allowed. It makes sense not to require that the target state is reached exactly, but only with an error that is asymptotically negligible.
It is instructive again to briefly reconsider the situation when only two subsystems are present [10, 38, 11, 161, 15] . There, it turns out that the basic unit of bipartite entanglement is the EPR pair
Indeed, if |ψ is any bipartite pure state, then there exists a rate r such that the transformation
is possible under LOCC with an approximation error that goes to 0 as n goes to infinity (here, x is the largest integer smaller than x). The transformation is reversible in that
is also realizable. In this sense, there is only a single type of bipartite entanglement and r quantifies "how much" of it is present in a given state. What is more: there is even a simple formula for the rate r: It is given by the entropy of entanglement or entanglement entropy E(ψ), which is the Shannon entropy H(p) of the Schmidt coefficients:
Equivalently, the entropy of entanglement of a pure state is equal the von Neumann entropy S(ρ) = − tr ρ log ρ of either reduced density matrix:
Again, it turns out that for more than two parties, the situation is much more complex than before. Before stating what the situation is like in the multi-partite setting, let us first make the concept of asymptotic reversibility more precise. If ρ ⊗n can be transformed under LOCC into σ ⊗m to arbitrary fidelity, there is no reason why n/m should be an integer. So to simplify notation, one typically also takes non-integer yields into account. One says that |ψ ⊗x is asymptotically reducible to |φ ⊗y under LOCC, if for all δ, ε > 0 there exist natural n, m such that
Here, · 1 denotes the trace-norm as a distance measure, and Ψ is quantum operation which is LOCC. If both |ψ ⊗x can be transformed into |φ ⊗y as well as |φ ⊗y into |ψ ⊗x , the transformation is asymptotically reversible. Using this notation, in the bipartite case, it is always true that any |ψ can asymptotically be transformed into |EPR ⊗E(ψ) .
In the multi-partite setting, there is no analogue of the EPR state: There is no single state to which any other state can be asymptotically reversibly transformed. A generalized notion is that of a minimal reversible entanglement generating set (MREGS). An MREGS S is a set of pure states such that any other state can be generated from S by means of reversible asymptotic LOCC. It must be minimal in the sense that no set of smaller cardinality possesses the same property [11, 106, 60] .
After this preparation, what is now the MREGS for, say, a tri-partite quantum system? Even in this relatively simple case, no conclusive answer is known. Only a few states have been identified that must be contained in any MREGS. At first one might be tempted to think that three different maximally entangled qubit pairs, shared by two systems each, already form an MREGS. This natural conjecture is not immediately ruled out by what we have seen in the previous subsection: after all, we do not aim at transforming quantum states of single specimens, but rather allow for asymptotic state manipulation. Yet, it can be shown that merely to consider maximally entangled qubit pairs is not sufficient to construct an MREGS [106] . What is more, even
does not suffice. All these pure states are inequivalent with respect to asymptotic reducibility, but there are pure states that cannot be reversibly generated from these ones alone [3] . So again, we see that there are inequivalent kinds of entanglement. Because we allowed for asymptotic manipulations, the present inequivalence is even more severe than the one encountered in the last section. To find general means for constructing MREGS constitutes one of the challenging open problems of the field: as long as this question is generally unresolved, the development of a theory of multi-partite entanglement that follows the bipartite example seems unfeasible. Whereas in the latter case the "unit" of entanglement is entirely unambiguous -it is the EPR pair (14) -there is no substitute for it in sight for multi-partite systems.
Even if we content ourselves with the building blocks in (15) , it is extremely challenging to compute optimal rates for asymptotic conversion. For example, conversion rates from the GHZ state are directly related to the tensor rank R min discussed in Section 2.3 above. Consider, e.g., the tripartite state composed out of Bell pairs shared between any pair of subsystems, i,j,k |i, j 1 ⊗ |j, k 1 ⊗ |i, k 1 (which can be interpreted as a tensor representation of two-by-two matrix multiplication [98] ). The conversion rate from the GHZ state to this tensor is directly related to the computational complexity of matrix multiplication [25] , a well-known open problem in classical computer science. Much recent work on multi-partite entanglement transformations has been motivated by this connection [21, 162, 163] . These intrinsic challenges motivate after all to consider more pragmatic approaches to grasp multi-partite entanglement.
A non-trivial feature of asymptotic LOCC transformations is that multi-partite entangled states can be transformed into maximally entangled bipartite Bell pairs, fully preserving the entropy of a distinguished party. More precisely, let |ψ (ABC... ) be a state vector of N + 1 parties. Then |ψ can be transformed into collections of Bell pairs
afterwards. This process -known as entanglement combing [176] -thus transforms states into a normal form of bipartite entangled states under LOCC. Note, however, that this transformation is not reversible.
Quantifying pure multi-partite entanglement
Above, we have introduced different classes of entanglement. It is natural to ask whether there are entanglement measures that quantify the "degree of multi-partite entanglement" found in a state.
There are two approaches to defining entanglement measures: the axiomatic and the operational one. In the axiomatic ansatz, one writes down a list of properties one demands from a measure. The most basic requirement -referred to as entanglement monotonicity [158, 38] -is that an entanglement measure must not increase on average under LOCC operations. More precisely, one requires that
holds true in LOCC protocols in which the state ρ j is prepared with probability p j (the label j refers to outcomes of local measurements performed in the course of the protocol). Convexity is often also taken as a desirable feature [158, 38] , even though there are meaningful entanglement measures that are not convex [128] . 2 In the multi-partite case, these axioms are rarely strong enough to single out a unique function. Thus, one must use a certain amount of subjectivity to choose a "natural" measure that complies with the axiomatic constraints. Often, "mathematical simplicity" is used as a subjective criterion (see below for examples). The operational approach quantifies the usefulness of a state for a certain protocol that requires entanglement. Examples would be "the number of bits of secret key that can be extracted per copy of the state" in a quantum key distribution scheme, or the "achievable fidelity" in a state teleportation protocol. Here, too, the numbers one obtains strongly depend on a subjective choice: namely which application one has in mind. Again, let us compare the situation to the bipartite case. As explained in Section 2.4, if one allows for protocols operating on asymptotically many copies of a state, the operational ansatz singles out the entanglement entropy as the unique pure state measure. Other pure-state measures are usually only employed if they are easier to treat analytically (such as the concurrence introduced below, which can be interpreted as a determinant and inherits some of the simple transformation they enjoy [157] ) or numerically (e.g., the integral Rényi entropies of entanglement, which can be estimated using quantum Monte Carlo methods [20] ).
Unfortunately, the lack of an explicit multi-partite MREGS means that there is no canonic choice of quantifying entanglement in the general case. Many measures have been proposed, but none of them is clearly privileged over the others. (Some aspects of multi-partite entanglement can also be captured by the probability density function of bipartite entanglement [56] , such that bipartite properties are inherited in the multi-partite context.) Here, we briefly describe some of these measures. For more exhaustive treatments, the reader should consult one of the review articles on the subject [86, 6, 130] .
The geometric measure of entanglement [168] makes use of a geometric distance to the set of product states:
where · 2 is the Hilbert-Schmidt norm, and the minimum is taken over all product states σ. The construction is very natural: Given that we have already defined the class of unentangled states, maybe the most obvious way of turning it into a quantitative measure is to take the distance of a given state to the unentangled ones. While it seems not clear whether the geometric measure is operational in the sense that its value quantifies the performance of some quantum protocol, several applications are known. For example, the geometric measure has been used to witness signatures of topological phase transitions [121] . Also, large values of the geometric measure mean that local measurements will produce highly random results. This in turn can be used to show that states with a large amount of geometric entanglement are not suitable for certain protocols that are rely on local measurements, most notably measurement-based quantum computation [72] (cf. Section 4.4 below). Distance measures other than the Hilbert-Schmidt norm can also be used, e.g. the relative entropy [129] .
The Schmidt measure E S (ψ) = log R min (ψ) is the logarithm of the minimal number of terms in a product decomposition, as in Eq. (9) . It is known to be an entanglement monotone [48, 81, 47] . In the bipartite case, this measure reduces to the Schmidt rank, i.e., the rank of either reduced density matrix. As indicated in the discussion of the GHZ-state, the Schmidt measure can discontinuously increase and decrease. In contrast, the bipartite Schmidt rank is more benign: around every state there is a neighborhood in which the Schmidt rank does not decrease. This added instability makes the multipartite Schmidt measure very challenging to compute numerically. One can define a "smoothed" version of the Schmidt measure based on a concept -border rank -from algebraic geometry [98] . In principle, states of given border rank can be identified as the set of common zeroes of a number of multivariate polynomials. However, these polynomials are not explicitly known except for a few special cases in low dimensions [98] .
Recall that we have discussed the use of invariants -e.g. the determinant and the hyperdeterminantfor describing entanglement classes. It turns out that such functions can be used to construct quantitative entanglement monotones. Indeed, assume that f is a function of state vectors that is invariant under local SL operations. If f is homogeneous of degree two, f (λψ) = λ 2 f (ψ), then |f (ψ)| is an entanglement monotone [155, 114] . This result can be generalized in various ways. For example, if f is an invariant function of state vectors on N qubits, and if f is homogeneous of degree d, then |f (ψ)| is an entanglement monotone if and only if d ≤ 4 [53] . This construction is a rich source of entanglement measures. In the bipartite case, the function C(ψ) = 2|det T | defined in terms of the coefficient matrix (7) is such an example. It is known as the concurrence [83, 174] . Likewise, the hyperdeterminant (8) gives rise to a 3-qubit entanglement measure τ 3 (ψ) = |Det(ψ)|, known as the 3-tangle [31, 122] The 3-tangle identifies the GHZ-state as more entangled than the W-state. It has also been linked to the phenomenon of the monogamy of entanglement [31] .
Classifying mixed state entanglement
The program pursued in the preceding section can also be applied to mixed states [107, 68] : One can classify mixed states according to equivalence under various notions of "local operations", both for a single or asymptotically many copies, devise quantitative measures, and so forth. For all these tasks, the situation for pure states is that the bipartite theory is simple, while the multi-partite case quickly becomes complicated. This changes for mixed states: Here, already the bipartite problems are typically hard! Even the most elementary question we started this chapter with: "When can a state be prepared using LOCC?" is trivial if the state is pure (the answer is "if and only if it factorizes as in Eq. (1)"), but NP-hard for bipartite mixed states [77, 61] . 3 In light of these difficulties, we will content ourselves with describing only a few entanglement classes for mixed states (this section) and describe a practical method for detecting such classes experimentally in Section 2.7 below.
The probably simplest classification of entanglement for mixed states is based on the notion of separability [169, 41] . We define an N -partite mixed state as unentangled or fully separable if it is of the form
for some set of local density matrices ρ (j)
i and a probability distribution p. A mixed state that is not fully separable is entangled. In contrast to unentangled pure states (defined in Eq. (1)), not every unentangled mixed state is a product state ρ (1) ⊗ · · · ⊗ ρ (N ) (but every product state is fully separable). For example, the state
is fully separable, but not a product. Measurements in the standard basis {|0 , |1 } on three particles in this state will give perfectly correlated outcomes: all are either found in the |0 state or all are found in the |1 state. This is different from the situation for local measurements on pure unentangled state, which never give correlated outcomes. The reason such states are defined as unentangled is that they can be created using local operations and classical communication. Indeed, to create a general state of the form (17), the first party could sample the label i with respect to the probability distribution p. They then communicate the classical information i to all parties. Upon receiving i, the j-th party will prepare and output ρ (j)
i . Clearly, when average over the choice of i, the output of this preparation procedure is the state ρ.
One can refine the classification of mixed entangled states in terms of separability properties. For example, let us arrange the N parts of the multi-partite system in k ≤ N groups, i.e. choose a k-partition. If we now consider each group as a single party, it could be the case that a previously entangled state becomes fully separable with respect to this coarser partition. We say that two states belong to the same separability class if they are separable with respect to the same partitions. Clearly, being in the same class in this sense is a necessary condition for being equivalent under any type of local operations. A state is referred to as k-separable, if it is fully separable considered as a state on some k-partition. In this way, we obtain a hierarchy, where k-separable classes are considered to be more entangled than the l-separable ones for k < l. States that are not separable with respect to any non-trivial partition are called fully inseparable.
The number of all partitions of a composite system grows exorbitantly fast with the number N of its constituents. One is naturally tempted to reduce the complexity by identifying redundancies in this classification. After all, once it is established that a state is fully separable, there is no need to consider any further splits. While such redundancies certainly exist, pinpointing them turns out to be subtle and indeed gives rise to one of the more peculiar results in quantum information theory, as will be exemplified by means of our standard example, the three-qubit system.
The five possible partitions of three systems (1|2|3, 1|23, 2|13, 3|12, 123) have already been identified in Section 2.3. It is a counter-intuitive fact that there are mixed states that are separable with respect to any bipartition, but which are not fully separable [9] . An analogous phenomenon does not exist for pure states. Specifically, there exist biseparable (i.e., 2-separable) states of the following kind [41] :
• 1-qubit biseparable states, which are separable for 1|23 but not for 2|13 nor 3|12,
• 2-qubit biseparable states, which are separable for 1|23 and 2|13, but not for 3|12,
• 3-qubit biseparable states, which are separable with respect to any bipartition but nevertheless not fully separable.
Together with the fully inseparable states and the fully separable ones, the above classes constitute a complete classification of mixed three qubit states modulo system permutations [42] . We end this subsection with a refinement of the class of fully inseparable states that will play a role in the following subsection [2] . In this paragraph, the fully separable states are denoted by S, the convex hull of the biseparable ones by B, and lastly, the set of all mixed states including the fully inseparable ones by F . Clearly, S ⊂ B ⊂ F is a hierarchy of convex sets. Now recall that we had identified two different classes of genuinely 3-partite entangled pure states of three qubits in Section 2.3. We saw that we could approximate a W state up to arbitrary precision by states of GHZ class. It is not hard to see that biseparable pure states can in turn be approximated by states of W class. We thus define W to be the set of mixed states that can be decomposed as a convex combination of biseparable ones and W-class states. This means that ρ is an element of W if three parties can prepare it using local operations, classical communication, and a supply of pure biseparable and W-class entangled states. Finally, we label the set of all mixed states by GHZ. This leaves us with a finer hierarchy of convex sets
that stratify the space of three-qubit mixed states [1] . Our preceding considerations showed that a generic three-qubit pure state is of GHZ class. Hence all other classes of pure states form a subset of measure zero among all pure states. That notwithstanding, it is easy to see that all three convex sets S, B \ S and W \ B are of nonzero volume in the set of mixed states [2] . Thus it is meaningful to ask which level of the hierarchy (18) a given mixed quantum state is contained in.
Detecting mixed state entanglement
One way of experimentally detecting multi-partite entanglement is to perform a complete quantum state tomography, and to see whether the resulting estimated state is consistent with an entangled state. This can be a difficult procedure for two reasons. First, quantum state tomography amounts to learning the exponentially parameters that describe the quantum state prepared in the experiment, which depending on the number of particles can already be prohibitively costly. Second, even once we have obtained a complete description of the quantum state, deciding whether the state is in of the separability classes can be a computationally hard problem (even for bipartite mixed states, as we discussed above). It may be therefore be desirable to detect entanglement without the need to acquire full knowledge of the quantum state (compare the discussion at the end of Section 2.3). One useful approach is based on the notion of an entanglement witnesses. An entanglement witness A is an observable that is guaranteed to have a positive expectation value on the set S of all separable states. So whenever the measurement of A on some quantum state ρ gives a negative result, one can be certain that ρ contains some entanglement. It is, however, important to keep in mind that witnesses deliver only sufficient conditions. That is, in addition to S there might be other, entangled states that have a positive expectation value with respect to A.
We will now take a more systematic look at this technique and, at the same time, generalize it from S to any compact convex set C in the space of mixed state -such as the convex sets in the hierarchy (18)! To that end, we note that the set of quantum states σ that satisfy the equation tr(σA) = 0 for some observable A forms a hyperplane, which partitions the set of states into two half-spaces. If C is a compact convex set, we can always find a hyperplane such that C is contained in one of these halfspaces, say, tr(Aσ) ≥ 0 for all σ ∈ C. Thus, if ρ is a state such that the expectation value of A is negative, tr(ρA) < 0, then, necessarily, ρ ∈ C. It is in this way that entanglement witnesses witness entanglement (more generally, non-membership in some convex set C).
Witnesses can be constructed for all of the convex sets that appeared in the classification of the previous subsection. For example, a GHZ witness is an operator that detects certain states that are not of W-type. It is not difficult to see that 
Expectation values of witness operators can be obtained from local measurements by using appropriate local decompositions [74] , in the same way as one can choose a basis consisting of product matrices when performing a tomographic measurement. The detection of multi-partite entanglement using witness operators has already been experimentally realized [13] . Indeed, one of the witness operators that was estimated in this experiment was of the form given in (19) .
Important classes of multi-partite states
A pure N -qubit state is specified by 2 N complex amplitudes. Of course, no-one can make sense of, say 1000 complex numbers that specify a 10-qubit state. What is more: Physical preparation procedures that require more than a polynomial number of parameters to be described are impractical to implement. As the number of particles grows, it follows that "most" states cannot be realistically prepared and will thus never occur in natural nor in engineered quantum systems. Therefore, multi-partite entanglement theory is relevant only in as much as there are many-body states that i) exhibit interesting features, ii) allow for a description in terms of polynomially many parameters, and that iii) can be efficiently created. Fortunately, such family of states are known. The arguably most prominent examples are tensor network states, relevant e.g. in condensed matter theory and, more recently, in high energy theory, and explained in Section 3.1, stabilizer states, described in Section 3.2, and bosonic and fermionic Gaussian states, mentioned in Section 3.3.
Matrix-product states and tensor networks
Quantum systems with many degrees of freedom are ubiquitous in nature, particulary in the context of condensed matter theory. It is hence not surprising that important classes of states, such as ground states of local Hamiltonians, are multi-partite entangled states. This viewpoint goes beyond a mere curiosity and provides a relevant perspective when describing properties of quantum many-body systems. Recent years have seen an enormous increase in interest at the intersection of quantum information and condensed matter theory that stems from the insight that notions of entanglement are crucial in the understanding of quantum phases of matter. It goes beyond the scope of this chapter to elaborate in detail on this connection, but we will briefly describe a number of important insights.
To start with, the complexity of natural multi-partite states, such as ground states of local Hamiltonians in a gapped phase, is significantly reduced by the insight that they often satisfy what is called an area law for the entanglement entropy. To make this more precise, recall that a local Hamiltonian is a Hamiltonian of the form H = j h j , where each h j is supported only on at most k (usually k = 2) subsystems, describing a short-ranged interaction. Gapped phase refers to the fact that the lowest energy level, the smallest eigenvalue of H, is separated by a gap ∆ > 0 that is uniform in the thermodynamic limit of letting the number of particles N → ∞. Such gapped phases describe realistic condensed matter systems away from quantum phase transitions. Finally, an area law states that, for any subsystem A ⊂ {1, . . . , N }, the entanglement entropy S(ρ (A) ) of the reduced state associated with A scales as
where ∂A is the boundary of A and |∂A| its area. In one-dimensional systems, A is a union of intervals and this area refers to the number of endpoints, which means that S(ρ (A) ) is upper bounded by a constant independent of the system size N . This feature is remarkable and it points towards the way ground states of natural physical models are non-generic. Haar random states, e.g., would with overwhelming probability lead to states for which S(ρ (A) ) scales close to extensively. Ground states of gapped models deviate from this generic behavior and are much less entangled than they could potentially be. Such area laws have been proven for one-dimensional systems [78] as well as in arbitrary dimensions for non-interacting bosonic and fermionic models [32, 49] . This scaling of the entanglement entropy offers profound insight into the structure of entanglement in quantum many-body systems (that can be extended to the study of non-leading corrections to S(ρ (A) ) that diagnose topological order [93, 101] ). More concretely, it suggests that one can largely parametrize the subset of Hilbert space H that is occupied by ground states of gapped local models. This hope is indeed largely fulfilled by so-called tensor network states [120] . This picture is particularly clear for one-dimensional systems. Here, matrix product states [57, 144] provably provide a good approximation to ground states of gapped local Hamiltonians in terms of polynomially many parameters only. Suppose that each site j = 1 . . . , N is of local dimension d and equipped with a tensor of order three, which can equivalently be seen as a collection of matrices M (j) [1] , . . . , M (j) [d] ∈ C D×D ; d is called the physical dimension and D the bond dimension. This data defines pure quantum state of N d-dimensional particles -a matrix product state:
This is a huge dimensional reduction: Instead of having to deal with Θ(d N ) many parameters, Θ(N dD 2 ) many are sufficient. Not only do such states satisfy an area law for the entanglement entropy. More importantly, the converse is also true: Each quantum state that satisfies an area law for (Rényi) entanglement entropies can be approximated in trace norm by a matrix product state of polynomial bond dimension D [147] . The significance of these insights can hardly be overestimated: They are at the heart of the functioning of the various variants of the density matrix renormalization group approach [170, 144] , which solves strongly correlated one-dimensional models essentially to machine precision. In additional to serving as variational states in powerful numerical methods, they can be used as a mathematical tool to capture properties of interacting quantum many-body systems. For example, the problem of classifying the quantum phases of matter in one-dimensional systems in the presence of symmetries has been rigorously solved in this way [145, 132] . It should be clear that matrix product states can exhibit multi-partite entanglement for pure quantum states in any of the senses described above.
More generally, one can define tensor network states by placing tensors at the vertices of an arbitrary graph. Each tensors carries an index of the physical dimension d and further indices of the bond dimensions D, corresponding to the edges incident to the vertex. These tensors are then contracted (that is, summed up) according to the edges of the graph. Matrix product states are tensor network states corresponding to a linear graph (with edges i − i + 1). In higher dimensions, projected entangled pair states [120] are based on cubic lattices. Again, such states satisfy area laws by construction and serve as good variational states for ground states of local Hamiltonians [120] (although this has not been mathematically proved in generality). They also serve as resources for measurement-based quantum computing [137, 34, 70] , discussed in Section 4.4 below. The multi-scale entanglement renormalization ansatz (MERA) [159, 160] describes ground states at quantum critical points and provides a new perspective on renormalization. In high energy physics, tensor network models based on the MERA have featured in quantum information theoretic approaches to the holographic duality [151, 150, 134, 126, 177, 80] .
Stabilizer states
Stabilizer states and their generalizations form the basis of the theory of quantum error correcting codes [65, 119] . They are also used for measurement-based quantum computation [137] , violate manyparty Bell inequalities [76] , can exhibit topological order [94, 178] , and emulate, in a precise sense, some features of "generic states" [180, 117, 166] . Stabilizer states can be defined as the unique common (+1)-eigenvector of subsets of Pauli operators. We will not describe the general theory here (see Ref. [119] ), but we will try to convey the flavor of it. To this end, recall the single-qubit Pauli operators
To give a first example, it is easy to see that the state vector
is an eigenvector of the three-qubit Pauli operators
to the eigenvalue +1. In fact, it is unique state with that property. So instead of explicitly writing down the expansion coefficients of the GHZ state vector with respect to a basis, we can specify it implicitly as the vector stabilized by the three Pauli operators in Eq. (20) . The advantage of this approach becomes apparent only as the number of qubits grows. Pauli operators on N qubits are tensor products of N single-qubit Pauli operators, and an N -qubit stabilizer state can be uniquely defined as the common (+1)-eigenvector of N Pauli operators. Thus, the complexity of specifying stabilizer states grows only as O(N 2 ) -much more favorably than the exponential scaling required when naively writing out expansion coefficients.
There is a subset of all stabilizer states, called graph states [81] . They allow for a particularly intuitive and physical description. Every stabilizer state can be brought into the form of a graph state using only local unitaries [143] -so not much generality is lost by focusing on this special case. A graph state is defined by a graph with one vertex for every qubit (cf. Fig. 1) . To obtain the associated quantum state, we first prepare every qubit in the |+ = (|0 +|1 )/ √ 2-state vector and then apply a controlled-Z gate between any two qubits that are joined by an edge in the graph. Because controlled-Z gates acting on different pairs of qubits all commute with each other, the order in which this process is carried out is immaterial. As an example, it is instructive to verify that the graph in Fig. 1 (a) defines the state vector
which is known as the three-qubit cluster state. Here, we have used the abbreviation |± = 2 −1/2 (|0 ± |1 ). A unitary basis change |+ → |0 , |− → |1 on the first and the third qubit maps the three-qubit cluster state to the GHZ state we have encountered before. One of the most heavily studied graph states is the one that corresponds to a two-dimensional n × nlattice (Fig. 1) . It is known as the two-dimensional cluster state. Unlike the three-qubit linear cluster encountered above, it would be completely impractical to write out the expansion coefficients of these states for larger values of n. The relevance of the two-dimensional cluster state comes from the fact that simulating the correlations between local measurements on it is provably as difficult as predicting the outcome of any quantum computation [137] , as briefly discussed in Section 4.4 below.
Thanks to their algebraic structure, the entanglement structure of stabilizer states is much better understood than for general quantum states. In particular, any tripartite pure stabilizer state admits a simple normal form: It can by local (Clifford) unitaries be converted into a tensor product of fully separable product states, bipartite Bell pairs and tripartite GHZ states [17] . Thus (15) constitutes a complete set of building blocks of tripartite entanglement for stabilizer states, and there is a unique unit of genuinely tripartite entanglement, the GHZ state. The amount of Bell pairs and GHZ states contained in a given stabilizer state can be readily obtained from certain invariants [17, 148, 117] . For more than three subsystems, however, the situation is again less clear.
Bosonic and fermionic Gaussian states
Another family of quantum many-body states that can be efficiently described are the classes of bosonic and fermionic Gaussian states. They both arise naturally in the context of quantum many-body models in condensed matter physics, but their bosonic variant is also highly useful in quantum optics when it comes to describing systems constituted of several quantum modes of light.
Bosonic and fermionic Gaussian systems consisting of N modes can be described in a very similar fashion, and our subsequent brief description will stress this aspect. For comprehensive reviews, we refer to Refs. [51, 167, 49] . Bosonic systems are equipped with 2N Hermitian canonical coordinates corresponding to position x 1 , . . . , x N and momentum p 1 , . . . , p N . Once collected in a vector R = (x 1 , . . . , x N , p 1 , . . . , p N ), the familiar canonical commutation relations take the form
For fermionic systems, one can similarly define Majorana fermions c 1 , . . . , c 2N , Hermitian operators that satisfy {c j , c k } = δ j,k , taking a similar role as canonical coordinates do. As for bosons, they are linear combinations of fermionic annihilation and creation operators. There are several equivalent ways of defining Gaussian states: One way is to define Gaussian states as the Gibbs states of Hamiltonians that are quadratic polynomials in the canonical coordinates or the Majorana operators. The central object in the study of Gaussian states is the covariance matrix, a statement that applies to both bosonic and fermionic systems. Fermionic Gaussian states are actually completely defined by their covariance matrix, as the first moments (i.e., expectation values) of Majorana operators necessarily vanish due to the parity of fermion number superselection rule. Bosonic Gaussian state are specified by their covariance matrix together with the first moments of the canonical coordinates, but also here we will focus on the covariance matrix alone. Specifically, for bosonic systems, the covariance matrix is a real symmetric 2N × 2N matrix γ B = γ T B with entries
. It satisfies γ B + iσ ≥ 0, reflecting the Heisenberg uncertainty relation. Under mode transformations, covariance matrices transform as γ → SγS T . Here, S is a matrix that satisfies SσS T = σ, which implies that the mode transformation preserves the canonical commutation relations. Such matrices form a group, the real symplectic group Sp(2N, R). A helpful tool is the normal mode decomposition, also called Williamson normal form, which maps a covariance matrix into one that describes n uncorrelated modes, 
For any value of a > 1, this is the covariance matrix of a genuinely three-party entangled state that in some ways takes the role of the GHZ state for three qubits. The tri-partite entanglement features of such states have been discussed in Refs. [4, 52] .
For fermionic systems, the covariance matrix is again a real 2N × 2N matrix γ F , which is now antisymmetric,
. By construction, it satisfies γ T F γ F ≤ I. Covariance matrices and the corresponding phase space transformations make up the phase space formalism for bosonic and fermionic Gaussian states. Since these are (2N ×2N ) matrices, this gives rise to an efficient description. Their importance in quantum optics and condensed matter theory can hardly be overstated. Most quantities of interest, including bipartite and multi-partite entanglement measures, can be computed directly from the covariance matrices.
Specialized topics 4.1 Quantum Shannon theory
An important field in quantum information theory is quantum Shannon theory, which is concerned with the transmission of classical and quantum information via quantum communication channels (see, e.g., Refs. [119, 171] ). For a subsystem A, let us write S(A) = S(ρ (A) ) for the von Neumann entropy of its reduced density matrix. Optimal rates for a wide range of communication tasks are given by suitable linear combinations of subsystem entropies.
Since we may always imagine a quantum system to be in an overall pure state, the von Neumann entropy S(A) is the same as the entropy of entanglement between the system A and its environment, as discussed in Section 2.4. It is easy to see that the entanglement entropy is nonnegative and bounded by the logarithm of the Hilbert space dimension, 0 ≤ S(A) ≤ log dim A. The entropies of individual subsystems are not independent, but rather constrained by linear entropy inequalities. For example, the mutual information I(A : B) = S(A) + S(B) − S(AB) is never negative. It is intuitive, but much more difficult to show, that the mutual information can never increase when we discard subsystems:
Equivalently, S(AB)+S(BC) ≥ S(B)+S(ABC), which is known as the strong subadditivity property of the von Neumann entropy [102] . Strong subadditivity is a fundamental tool in quantum information theory, and there has been much recent progress on deriving stronger variants [173, 58] . As a simple but illustrative example, we can use this multi-partite entropy inequality to show that it is not possible for a sender Alice to communicate more than N classical bits by sending N qubits alone. This result is known as Holevo's theorem [85] . To start, suppose that Alice carries a classical register X. Depending on the value of X, she prepares one of many N -qubit states ρ x , and sends it over to Bob. The joint state of Alice and Bob can be modeled by a mixed state
x .
Bob subsequently carries out a POVM measurement on his system and obtains a classical outcome Y . Such a measurement can always be realized by first applying an isometry B → Y C, where C is an auxiliary subsystem, and subsequently discarding C. Using (21), we find that I(X : Y ) ≤ I(X : Y C). But I(X : Y C) = I(X : B) ≤ N , since N = log dim B is the number of qubits in B. This shows that Bob cannot learn more than N classical bits of information about Alice's register, as quantified by the mutual information I(X : Y ). While all constraints on quantum entropies for bipartite (and pure three-party) systems are known, it is an important open question to decide if there are additional inequalities other than strong subadditivity in the multi-partite case [127, 108, 22, 28, 104, 73] . Such non-Shannon information inequalities are known to exist in classical information theory [179, 39, 111] .
Quantum secret sharing and other multi-party protocols
Relatedly, multi-partite entangled states serve as resources to a number of important protocols in quantum information theory in which more than two parties come together. A prominent example of such a multi-party quantum protocol is quantum secret sharing [84, 30] , in which a message is distribute to several parties in such a way that no subset is able to read the message, but the entire collection of parties is. The above-mentioned GHZ states constitute resources for such protocols. The basic idea is rather natural: For an N -qubit system with parties labeled {1, . . . , N }, consider the generalized GHZ state (|0, . . . , 0 + |1, . . . , 1 )/2 N/2 . It is clear that the reduced state of any proper subset A ⊂ {1, . . . , N } will satisfy
But the same will be true for (|0, . . . , 0 −|1, . . . , 1 /2 N/2 . Thus the two states can only be distinguished when all N parties come together. More generally, one speaks of a (t, N ) threshold scheme if one can divide a secret into N shares such that t of those shares can be used to reconstruct the secret, while any t − 1 or fewer shares reveal no information about the secret at all. The security of quantum secret sharing has been discussed in Ref. [116] . A type of multi-party entangled state that features in the discussion of quantum secret sharing schemes is the one of absolutely maximally entangled states, which are characterized by being maximally entangled for all bipartitions of the system [55] . For qubit systems, they exist only for a particular choices of N . Specifically, no absolutely maximally entangled states exist for N = 4, 8 or N > 8 [66, 136] . The also do not exist for N = 7 [87] . For suitable local dimension d > 2, absolutely maximally entangled states exist for all N [82] (cf. [36] ). The notion of absolutely maximally entangled states also relates to observations that some aspects of multi-partite entanglement may be captured in terms of the purity of balanced bipartitions, made up of half of the subsystems. When several bipartitions are considered at the same time, the requirement that the purity be minimal can lead to frustration [54] . Absolutely maximally entangled states have to be distinguished from the maximally entangled set of multi-partite quantum states [35] described earlier in Section 2.3. In addition to secret sharing, a number of other important multi-party quantum protocols have been introduced that directly use multi-partite entangled states as resources. Many of these schemes have a relationship to cryptography, going beyond key distribution in point-to-point architectures. Notably, notions of secure function evaluation [33] have been introduced, again in a multi-partite setting. Certain Calderbank-Shor-Steane (CSS) states, which are instances of stabilizer states as described in Section 3.2 above, can be made use of to devise "prepare and measure" protocols for quantum cryptography that can be employed in a conference key agreement [131] , a protocol that allows a number of parties to share a secure conference key. Relatedly, the quantum sharing of classical secrets [63] has been proposed. Protocols such as the above are expected to become particularly prominent once multi-party quantum networks [92] become available.
The use of multi-partite resources can also give rise to other practical or technological advantages: For example, photonic architectures for measurement-based quantum computing become more efficient once entangled GHZ states are used as a resource [62] , compared to schemes built on bipartite entangled photonic states.
Quantum non-locality
It is a remarkable fact that quantum mechanics gives rise to correlations that are not compatible with any local hidden variable theory. Ever since the original Einstein-Podolski-Rosen (EPR) paradox [46] , this has been of much debate and interpretation. As we will now illustrate, multi-partite quantum states give rise to new and exotic correlations that in some ways sharpen Bell's famous theorem [8, 29] .
We will illustrate this with an example, phrased in the modern language of non-local games. In the Mermin GHZ game [112] , three players Alice, Bob and Charlie each receive an input bit, x, y, and z, respectively, from the referee, with the promise that x + y + z is even. There are four such options: either all three bits are zero, or there is a single zero bit and two one bits (there are three such options). We will assume that the referee sends each such option with equal probability. The goal of the three players, who are not allowed to communicate after having received their inputs, is to output bits a, b, and c, respectively, such that a + b + c is even in the first case, and odd otherwise. Mathematically, we require that a + b + c = x ∨ y ∨ z modulo two.
It is easily understood that the GHZ game cannot be won by any classical local strategy. Indeed, if the three players follow deterministic strategies a(x), b(y), and c(z), respectively, they succeed if and only if
If we sum these equations modulo two, we obtain that 0 = 1, a contradiction. Moreover, shared randomness does not help -the classical winning probability remains 3/4.
In contrast, if the three players share a GHZ state (|0, 0, 0 + |1, 1, 1 )/ √ 2 then they can win this game with certainty. For this, each of the players proceeds as follows: Depending on whether their input is zero or one, they either measure in the X or in the Y eigenbasis. If the measurement result is (−1) m , they output m. It is readily verified in a few lines that this strategy is always successful. We note that GHZ non-locality has been tested experimentally [125] For further detail on the thriving field of non-local games we refer to the recent survey [124] .
Measurement-based quantum computing
Computers that make use of the laws of quantum mechanics are strongly believed to outperform any classical architecture for certain problems [119] . According to the widely-used gate model, a quantum computation proceeds as follows: First a number of qubits are initialized in some product state, e.g. |0 ⊗N . Then a sequence of quantum gates is applied. Quantum gates are unitary operations that act non-trivially only a small number of the N systems, usually one or two. Quantum gates are a natural analogue to the logical gates that appear both in the mathematical description of the classical circuit model of computation, and in the silicon hardware of actual computers. The algorithm to be performed is encoded in the choice of gates. In a final step, each of the qubits is measured in some basis. The measurement outcomes define N bits, which are the result of the quantum computation.
The time evolution generated by the unitary gates is thus the central ingredient to a gate-model quantum computation. Given this situation, it was a major discovery that there are ways to realize arbitrary quantum algorithms without any unitary evolution at all. The measurement-based model of quantum computation (MBQC) [137] only employs local measurements on an entangled many-body quantum state. These protocols start with a certain universal resource state on N qubits. The state does not depend on the specific quantum computation we aim to perform, other than that the size N has to be large enough to support it. Now assume the algorithm is specified in the form of a sequence of unitary gates borrowed from the gate model. Ref. [137] specifies a simple translation rule that maps the gate sequence to a measurement protocol. The protocol calls for the qubits to be measured one by one. The respective measurement basis depends on the gate sequence as well as on the previous outcomes. After all N qubits have thus been measured, a simple classical post-processing algorithm extracts the result of the gate-model computation from the local measurement outcomes.
It is beyond the scope of the present chapter to present the detailed functioning of measurementbased quantum computing and refer to the original articles. However, the basic functioning can be made plausible by what is called one-bit teleportation: Take a qubit prepared in the state vector |ψ and another one in |+ , and subsequently apply a controlled-Z gate as described in Section 3.2. Then the following identity will be true,
That is, upon measurement of the first qubit, the second qubit will be in |ψ , up to an application of a Hadamard gate and a Pauli-X operator applied to the second qubit, dependent on the specific measurement outcome m ∈ {0, 1}. By means of this operation, the state vector has hence be shifted by one site, up to the application of a Pauli operator. Concatenating such steps, one can show that one can transport an arbitrary state through the entire lattice. What is more, upon changing the measurement basis, an actual computation can be done, without ever to have to physically implement any unitary gate.
The discovery of MBQC has established a novel facet of multi-partite entanglement. Namely, we can now classify many-body quantum states by their ability (of lack thereof) to boost the computational power of a classical control computer. In this framework, the resource character of entanglement for accomplishing computational tasks is most transparent. Several examples of universal resource states of MBQC are known. The most prominent one is the cluster state on a square lattice (cf. Section 3.2 and Fig. 1 (b) ). It was a further important insight to see that further resource states can be constructed from tensor network states [71] . Since then, more general families of states have been identified [70, 18, 115] , often based on their tensor network description.
While the quality of "being a resource state for MBQC" is a legitimate facet of multi-partite entanglement in itself, one can ask how it relates to other measures. High values of several multi-partite entanglement measures -most prominently the localizable entanglement [133] -have been linked to universal resource states [153] . Conversely, it has been found that high value of the geometric measure are detrimental for MBQC [72] .
Metrology
Multi-partite entanglement does not only facilitate processing or transmission of information, but also allow for applications in metrology [23, 64, 172, 88] . We will shortly sketch an idea to enhance the accuracy of the estimation of frequencies using multi-partite entangled states. This applies in particular to frequency standards based on laser-cooled ions, which can achieve very high accuracies [88] . The starting point is to prepare N ions that are loaded in a trap in some internal state with state vector |0 . One may then drive an atomic transition with natural frequency ω 0 to a level |1 by applying an appropriate Ramsey pulse with frequency ω, such that the ions are in an equal superposition of |0 and |1 . After a free evolution for a time t, the probability to find the ions in level |1 is given by p = (1 + cos((ω − ω 0 )t))/2.
Given such a preparation, one finds that if one estimates the frequency ω 0 with such a scheme, the uncertainty in the estimated value is given by δω 0 = (N T t) −1/2 .
This theoretical limit, the shot-noise limit, can in principle be overcome when entangling the ions initially. This idea has been first explored in Ref. [12] , where it was suggested to prepare the ions in a N -particle GHZ state with state vector |GHZ = (|0, . . . , 0 + |1, . . . , 1 / √ 2. With such a preparation, and neglecting decoherence effects, one finds an enhanced precision, δω 0 = (T t) −1/2 /N, beating the above limit by a factor of 1/ √ N . Unfortunately, while the GHZ-state provides some increase in precision in an ideal case, it is at the same time subject to decoherence processes. A more careful analysis shows that under realistic decoherence models this enhancement actually disappears for the GHZ state. Notwithstanding these problems, the general idea of exploiting multi-partite entanglement to enhance frequency-measurements can be made use of: For example, for N = 4 the state can lead to an improvement of more than 6%, when the probability distribution λ 0 , λ 1 , λ 2 is appropriately chosen and appropriate measurements are performed [88] . For four ions, exciting experiments have been performed in the meantime [139] , and entanglement has been used for precision spectroscopy [113] , demonstrating that the shot noise limit can indeed be beaten with the proper use of entanglement. 
